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Calibrated Measurement of Optoelectronic
Frequency Response

Paul D. Hale, Senior Member, |EEE, and Dylan F. Williams, Fellow, IEEE

Abstract—We describe the most straightforward method for
accurately measuring the frequency response of optoelectronic
devices. The method uses a calibrated optical reference receiver,
a modulated optical source, and a calibrated electrical vector
network analyzer.

Index Terms—Calibration, frequency response, measurement,
optoelectronic devices, scattering matrices.

I. INTRODUCTION

E DESCRIBE how a calibrated electrical vector net-

work analyzer (VNA), modulated optical source, and
calibrated optical reference receiver are used to accurately mea-
surethefrequency response of alarge class of optoel ectronic de-
vices including Mach—-Zehnder modulators, electroabsorption
modulators, directly modulated semiconductor lasers, and linear
optical receivers. Although this type of measurement system is
commonly used in the optoelectronics community, the theory
behind the measurements and the procedures and restrictions
necessary for accurate calibration are not generally well known.
Indeed, there are several competing approaches to optical and
optoelectronic network analysisin the literature, some of which
may not be justified given the physics of the optoelectronic in-
teractions and the limited information that the simple measure-
ment system can provide.

To clarify the operation of these systems and their limitations,
we devel op asimple optoel ectronic scattering matrix formalism
that is consistent with standard microwave theory and practice.
The formalism relates the optical modulation envelope at one
port of the device to the electrical wave at the other port and
describes the performance of optical receivers and modulated
optical sources. We then apply the formalism to calibration of
the optoelectronic measurement system and demonstrate with
some simple examples.

Our formalism requires that no optical signals propagate in
the reverse direction between the modulated optical source and
receiver to eliminateinterference of the optical carrier withitself
that cannot be accounted for by the test equipment or the scat-
tering matrix formalism. To the best of our knowledge, this re-
striction has never been discussed intheliterature. In Section 1 X,
wediscussthereasonsfor thisrestriction and compare our treat-
ment with other optoel ectroni ¢ scattering matrix formalismsand
measurement methods in the literature.
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Fig. 1. Schematic showing waves flowing in and out of component. Ports 1
and 2 are represented by dotted lines.

The calibration and measurement procedure we describe in
this paper is easier to perform than the one we previously
describedin[1]: thecaibrated VNA performsall of theelectrical
mismatch corrections automatically and it does not require a
calibrated power meter. Lightwavecomponent analyzers(L CAS)
such asthosedescribedin[2] can al so perform themeasurements
described here, and must also be calibrated. In Appendix V, we
describe how to apply the method to calibration or verification
of LCAs. Some of the theory and procedures we describe in
this paper have been outlined in [3] and [4], and are similar
to those recommended by LCA manufacturers [2].

Finally, Appendixes |11 discuss rel ations between the quan-
titiesmeasured by the VNA system described hereand Thévenin
and Norton equivalent sources, normalized receiver response,
and the input drive voltage, input drive current, and 7-voltages
of modulated sources.

II. ELECTRICAL SCATTERING MATRICES

We start by briefly reviewing standard microwave circuit
theory [5], [6]. We explicitly define the electrical quantities we
will use since their definitions effect our measured optoelec-
tronic quantities.

Standard microwave circuit theory defines all electrical pa
rameters in single-mode electrical waveguides connecting all
devices. Asillustrated in Fig. 1, we begin by defining a single-
frequency sinusoidal voltage Re(ve/?) and current Re(ic/“)
at each port, where Re(-) gives the real part of its argument, v
isthe complex amplitude of the voltage, < isthe complex ampli-
tude of the current, w isthefrequency in radians per second, and
t isthetime. We also define an incident-wave amplitude ¢ and a
reflected-wave amplitude b at each port in terms of the voltage
amplitude v and current amplitude ¢ via

a= 7 (v+1iZ,.)
1 .
b= N (v — 7). (1)
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Fig. 2. Schematic showing electrical waves and optical power flowing in and
out of an optoelectronic system. The electrical and optical ports are represented
by dashed lines.

Here, Z, isareal referenceimpedance, whichisusually setto
50 €2 . These waves are the “ pseudo-waves’ of [6]. These waves
correspond to the traveling wavesin the waveguide [ 6] when the
characteristic impedance of the waveguide is real and equal to
I

The incident and reflected waves in (1) are scaled by the
factor %(Z,,)*l/2 so that the power P delivered to each port is

P= %Re(m’*) = %([a[Q —1b}?). 2
That is, the power crossing the reference plane at each port is
the incident power £|a|? less the reflected power 1 |b|? leaving
the port.

We call a one-port device with an impedance equal to Z,. a
matched load. For a matched load v = Z,.¢, the reflected wave
amplitude b = 0 (i.e, the reflection coefficient I' = b/a of a
one-port matched load iszero), and the matched load compl etely
absorbs the incident wave a.

Fig. lillustratestheincident and reflected waves at atwo-port
device, where subscripts “1” and “2” indicate the port number.
Theincident and reflected waves of atwo-port devicearerelated

viathe scattering or S-matrix [S]
S12 [al } 3
Sos | La2 ]

S11
Sa1

bi|

o)

An electrical VNA calibrated in the conventional fashion mea-

sures the scattering parameters S;; of the device with a refer-

ence impedance Z,. = 50 2 [6]. The elements of the S-matrix

are dimensionless because they are ratios of the « and b waves.

We call Sy; areflection coefficient and S»; the forward trans-
mission coefficient of the device.

I11. SCATTERING MATRICES OF OPTOELECTRONIC SYSTEMS

Let us determine the scattering parameters of the optoelec-
tronic system shown in Fig. 2. It consists of two separate com-
ponents connected by an optical fiber: an optical modulator (or
directly modulated laser) on theleft-hand side, and an optical re-
ceiver on theright-hand side. The system has a single electrical
input port and asingle electrical output port. The optical modu-
lator uses electrical signalsat itsinput port (port 1 in thisfigure)
to linearly modulate the intensity (power) of the optical signal
at the optical port. The receiver responds linearly to the optical
power, not the carrier, and is sometimes called a square-law de-
tector. Hence, the receiver linearly converts the intensity-modu-
lated optical signal back into an electrical signal at its electrical
output port (port 2 in thisfigure).
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We require that the optical power p(t) propagating in thefor-
ward direction at the optical port between the modulator and re-
ceiver, due to a single-frequency electrical excitation, be of the
form [7]-{9]

p(t) = po + pom cos(wt + «). 4

In (4), m isa(rea) modulation index and « is the phase of the
modulation envelope. We do not restrict the frequency or phase
modulation of the optical carrier because the optical receiver
does not respond to the optical carrier: it only responds to the
modulation envelope. The linear modulation described by (4)
is generaly available from directly modulated semiconductor
lasers and integrated modulators that are suitably biased and
driven by a small signal. We can reasonably neglect harmonics
of the drive electrical signal generated by the modulator [10]
because the VNA has a tuned receiver that effectively blocks
the weak harmonics generated by real modulated sources.

As we stated earlier, we also require that there be no optical
power propagating in the reverse direction (i.e., coming from or
reflected by the receiver or other optical component). This con-
straint avoids optical interference that would further complicate
(4). We discuss this further in Section I X.

The modulator reflects some of the electrical a; wave inci-
dent on the circuit from the left-hand side, generating an out-
going b; wave. However, since no optical power travels from
right-hand side to the left across the optical port, awave a in-
cident from theright-hand side cannot contribute to the outgoing
b, wave. Thus, we haveb; =T, a;, whereT’,,, isthe electrical
reflection coefficient of the modulator.

We have already required that the modulator linearly modu-
late the power in the optical beam so the instantaneous optical
power coming out of the modulator can be written as

p(t) = po + Re{ Gare?'} )

where G is the complex response of the modulator. Since we
have required that there be no optical interference at the optical
port, we can eguate the modulated signal generated by the mod-
ulator with the modulated signal entering the receiver:

Gay = pome’®. (6)

Since G relates an electrical amplitude to an optical power, it
has the rather peculiar units of (optical power)/(square root of
electrical power), i.e., the square root of power.

The electrical wave b, emanating from the receiver has two
sources: the modulated optical power incident on the receiver
and the electrical a» waveincident from the right-hand side and
reflected back by the receiver’s imperfect match.

We define the receiver’ s complex response 12 by

ba

— .
mel*pg 230

)

R describes the amplitude of the forward electrical wave cre-
ated by an intensity modulated optical signal with modulation
index m when a, = 0, i.e., when the receiver is connected to
amatched load. Since R linearly relates an optical power to an
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electrical amplitude, it has the units of one over the square root
of power.

Since the electrical system is linear, we can add the signal
generated by the optical wave incident on the receiver to the
electrical wave it reflects from its electrical port to obtain by =
I,as + Rpome’®, where T, is the electrical reflection coeffi-
cient of the receiver.

Combining (6) with the above relation, we obtain the fol-
lowing equations relating the electrical waves with frequency
w a ports 1 and 2:

bl = Fnlal

bg = FTCLQ + RGal. (8)

These equations can be written in matrix form as

bl . F,n 0 ai _ 512 ay (9)
bg | RG Fr as - 522 ag
giving the electrical scattering matrix for the total system com-
prised of the laser, modulator, and receiver.

S11
Sor

IV. MEASUREMENT OF R AND (& IN A COAXIAL SYSTEM

Now that we have built a framework for our optoelectronic
measurements, measurement of R or G with a calibrated elec-
trical VNA is straightforward. First, we calibrate the VNA with
afull two-port calibration with a 50-£2 reference impedance Z..
and use it to measure the scattering parameters of a modulated
optical source connected to our calibrated reference receiver
with known response R (see Fig. 2). Using (9), we determine
the response G of the optical modulator from G = S»; /R and
its reflection coefficient I',,, from S;;, completing characteri-
zation of the modulator. If we replace our calibrated reference
receiver with an uncharacterized receiver, we can repeat the pro-
cedure and determine the uncharacterized receiver’'s response
from R’ = S}, /G, and its reflection coefficient I/, from S%,,
where the primed quantities refer to the measurements of the
second receiver.

Our calibration approach uses a complex response R that ac-
counts for both the magnitude and phase response of the refer-
encereceiver. Inthe past, calibration of the phase response of the
reference receiver has relied on methods that are not traceable
to fundamental physical principles. In[11], aVNA and amodel
of the modulator was used to estimate the phase response of the
reference receiver. An oscilloscope whose response was derived
from a model was used in [12] to estimate the phase response
of areceiver. Also, oscilloscopes that were calibrated with the
nose-to-nose method (described in [13] and [14]) were used to
characterize the phase response of receiversin [15]. A recently
devel oped method for measuring both the magnitude and phase
response of an optical receiver, which can be made traceable to
fundamental physical principles, is described in [16] and [17].
Traceable measurement of the response phase of areference re-
ceiver is currently an area of intense research and is outside the
scope of this tutorial.

|IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 4, APRIL 2003

Calibrated VNA
Heterodyne

—>¢—— Uncalibrated VNA

Normalized response, dB

4 O

-3 Y T T T T

0 2 4 6
Frequency, GHz

Fig. 3. Comparison of measured normalized response (20 log(R), described
in Appendix 1) of a commercial optical receiver. The data has aso been
normalized to 0 dB at the lowest frequency. The expanded uncertainty (20) in
the heterodyne measurements is approximately 0.12 dB.

V. MEASUREMENT EXAMPLE

We applied the method described above to determine the
magnitude response of a commercia receiver. We used an
integrated Mach—Zehnder modulator in the experiment, and
we calibrated the response magnitude of our reference receiver
with the heterodyne method of [18] and microwave correc-
tions of [1]. The heterodyne measurement method is used in
standards laboratories because it is traceable to fundamental
physical principles and can be implemented with a very low
uncertainty [19].

Fig. 3comparesour normalized VNA measurement to adirect
heterodyne measurement performed with the procedures of [18]
and [1], which has a typical combined standard uncertainty of
approximately 0.06 dB. The calibrated VNA curve is noisy
because of the weak signal from the unamplified receiver,
which is operating a a low photocurrent to maintain receiver
linearity. Nevertheless, this figure demonstrates the accuracy
of the procedure based on a calibrated VNA and calibrated
reference receiver.

To illustrate the importance of the corrections performed by
the network analyzer, we turned off the network analyzer’s cal-
ibration and repeated the measurement. The uncalibrated VNA
curve of Fig. 3 clearly shows the importance of corrections and
the need for calibrating the network analyzer.

V1. LINEARITY

As mentioned above, the linearity of the receiver is an
important consideration. The unmodulated portion p, of the
optical signa flowing through the modulator can saturate
the response of the receiver [20]. Reference receivers with
a high compression point minimize this effect. Examples of
highly linear receives are given in [21]-{23]. You can verify
linear operation by changing po to apy (Where « = 0.5) and
verifying that S3; changesto «Ss1, within an acceptable level
of accuracy.
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VI1l. SCATTERING MATRICES OF INDIVIDUAL
OPTOELECTRONIC COMPONENTS

The electrical behavior of any modulator—receiver pair sat-
isfying the basic assumptions we employed in this study can
be analyzed with the scattering matrix (9). However, the scat-
tering parameters of a modulator—receiver pair can be formally
decomposed into a scattering matrix S,,, for the modulator and
a scattering matrix S,. for the receiver with

r, 0
G 0

m

0 0
R T,

. (10)

These matrices have the properties that, when cascaded using
the conventional rulesfor combining electrical circuits outlined
in [5] and [6], they give the matrix (9). That is, when S,
and S, are converted into cascade matrices (as described in
Appendix V), multiplied together, and the matrix product is
reconverted to a scattering matrix, the result is the scattering
matrix (9) of the modulator—receiver pair. This is true despite
the fact that G and R have dimensions, wheresas the elements
of conventional scattering matrices are dimensionless. Since
they differ from conventional scattering matrices, we denote
the optoelectronic scattering matrices with a tilde and we do
not call G and R scattering parameters.

Decomposing the scattering matrices of the system with (10)
has no fundamental advantage over treating the modulator and
receiver as a pair and using (9). However, this decomposition
does make it possible to summarize the properties of a single
optoelectronic component with a scattering matrix.

Furthermore, the description of the electrical waves at the
electrica portsin thisformalism is consistent with that of stan-
dard microwave circuit theory. As aresult, we may cascade or
deembed (remove) electrical circuits from the electrica port of
optoelectronic components characterized in this way using the
conventional rules outlined in Appendix 1V and in [5] and [6].

For example, after measuring the scattering matrix S, of an
optical receiver, we can cascade the electrical scattering param-
eters of an amplifier onto the electrical port of the receiver and
determine the scattering parameters of the combination. Thisis
done by converting S, and the scattering parameters of the am-
plifier into cascade matrices, multiplying these cascade matrices
together, and reconverting the matrix product back into a scat-
tering matrix. The procedure is also explained in Appendix IV
and in detail in [5] and [6].

VIIl. ON-WAFER MEASUREMENT EXAMPLE

If we determine the scattering matrix S,,, of amodulator usi ng
the method above, we can substitute the reference receiver with
the on-waf er-receiver/waf er-probe combination shownin Fig. 4.
This combined receiver has optical and coaxial ports that are
compatible with those of the reference receiver.

To characterize the on-wafer optical receiver between the op-
tical port and the CPW reference plane, we can now deembed
(remove) the effect of the probe from the measurement of the
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Fig. 4. Schematic of on-wafer receiver measurement showing coaxia
reference planes at ports 1 and 2, the optical reference plane at the fiber output,
and the coplanar waveguide (CPW) reference plane. The response of the
on-wafer receiver is defined by the optical and CPW reference planes and the
response of the wafer probe is defined by the CPW reference plane and the
coaxial reference plane at port 2.

combined response of the on-wafer receiver and probe. Thiscan
be accomplished by converting the scattering matrix 5‘,,], of the
receiver and probe combination and the scattering matrix .S, of
the probe alone, as determined by a two-tier calibration proce-
dure[24], into cascade matrices 7., and 7;,. We obtain the cas-
cade matrix 7} of the on-wafer receiver alone by multiplying
T,,p by the inverse cascade matrix for the probe head

T, =T.1,7,* =T,,1," (11
Finally, we reconvert the cascade matrix T, back into a scat-
tering matrix. Reference [25] also gives a procedure for deem-
bedding the scattering matrix of an optical receiver or laser from
a probe head. However, the mathematical formalism described
here is much more straightforward and compact.

IX. DISCUSSION OF RESTRICTIONS

It isimportant to keep in mind the restrictions of this theory
at the optical ports. At the optical ports, we required that, for a
single-frequency electrical excitation, the intensity modulation
of the optical carrier be of the form given in (4) and that
there be no reverse optical wave. These requirements were
needed to develop the relations in (6) and (9). Among other
things, they eliminate the effects of coherent optical interference
on the measurements observed in [11]. These effects are not
accounted for by the theory and are left uncharacterized by
the instrumentation.

A simple thought experiment illustrates the need to eliminate
thebackward-traveling optical power at the optical port. Imagine
that you have assembled and calibrated a test set consisting of
a VNA, optical modulator, and optical receiver, and that the
optical modulator and receiver are engineered to not reflect any
of the optical power incident upon them, as good engineering
practice would dictate.

Now consider what happens when you test an imperfect op-
tical modulator that reflects some percentage g,,, of the back-
ward optical wave incident upon it and that is connected to a
short piece of nonreflective optical fiber. Thetota gain G of the
optical modulator and fiber will be reduced somewhat from the
gain of the optical modulator alone due to the reflection at its
output, but will be otherwise unaffected.

If you test a short piece of optical fiber driving an imperfect
optical receiver that reflects some percentage ¢, of the forward



1426

optical power incident upon it, thetotal response R you measure
will aso be reduced somewhat from the response of the optical
receiver alone, but again, will be otherwise unaffected.

However, when you connect the optical-modulator/output-
fiber/input-fiber/optical-receiver combination together, you
create an optical resonator in the optical fiber between the
modulator and receiver. The response of this optical resonator
will depend sensitively on the optical frequency and chirp of
the optical carrier from the modulator, the coherence length of
the optical source, the exact distance in optical wavelengths
between the modulator and receiver, and the loss in the optical
fibers forming the resonator. Most importantly, the sharp
wavelength dependence of the optical resonator would change
not only the overall magnitude and phase of the microwave
modulation on the optical carrier, but also its shape, adding ad-
ditional (and unexpected) electrical harmonics into the system.
That is, thefiltering nature of the resonator could remove power
from the fundamental of the drive frequency in a way that
depends on the exact wavelength of the optical carrier, whichis
also not characterized by our measurement system. As aresullt,
the separate measurements of the individual optoelectronic
components would not predict the performance of the system.

Now let us examine two limiting cases of the optical co-
herence. If the optical source has a coherence length much
greater than the distance between the modulator and receiver,
submicrometer changes in the optical path length will cause
the measured optical signal to vary by a significant amount.
This variation is not described by our formalism, which only
accounts for effects that change the modulation envelope, nor
is it accounted for in commercially available LCAs. Even if
the source has a very short coherence length, the positions of
the reflections and their reflection coefficients must be mea-
sured for a complete characterization of the system. Again,
this information is not available in the simple measurement
system shown in Fig. 2 or in commercial LCAs.

Accounting for the optical reflections and coherence would
greatly complicate the measurement of simple optoelectronic
components, and we need not account for them if there are no
back reflections in our system. Our restrictions are easily (and
usually) satisfied in common microwave applications [26], [27]
and in systems for measuring modulator, laser, and receiver re-
sponse by using good design practices. These commonly used
practices include using wedged dielectric interfaces, antireflec-
tive coatings, and optical isolators.

Our restrictions, however, and the lack of information on the
optical carrier prevent us from devel oping scattering-parameter
representations for many optical/optical components, as was
done in [28] and [29], and for optical/electronic components,
as was done in [30]. For example, it is not possible to develop
a scattering-parameter representation for optical/optical or
optical/electronic components if those components generate
optical reflections, if they are dispersive, or if they filter the
optical signal, for example, by eliminating the optical carrier or
one of the sidebands. Any formalism capable of accounting for
these effects would require information about the wavelength,
phase, and coherence length of the optical carrier [31]; infor-
mation not contained in the scattering-parameter formalism
described here or in [28]-{30]. Although these properties could,
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in principle, be characterized with supplemental measurements
and instrumentation, the formalism would also have to be
capable of accounting for the additional electrical harmonics
introduced into the system by optical/optical components that
filter the optical sidebands of the modulated optical signal.

X. CONCLUSIONS

We have described a straightforward procedure for char-
acterizing optica modulators and receivers with a calibrated
VNA and a calibrated reference receiver. The method only
requires that the modulated optical source linearly modulate
the optical power, that the receiver respond linearly to this
modulated optical power, that the optical power at the op-
tical port have the form of (4), and that there be no reflected
optical power at the optical port connecting the modulator
and receiver. Within the constraints of these assumptions, the
formalism is rigorous and consistent with common practice
for electrical network measurements.

APPENDIX |
RELATING R AND NORMALIZED FREQUENCY RESPONSE R?

Sometimes normalizing the output of the signa of the
receiver (photodiode) to the generated photocurrent is better
than normalizing to theinput optical power, i.e., the normalized
frequency response 2 may be a better characterization of the
receiver than R. Thismight bethe case when the dc responsivity
n of a fiber-connectorized receiver is poorly characterized
because the connector insertion loss is not repeatable [32],
[33] or when 7 is unknown. The heterodyne method [18] is
commonly used to measure R2.

The normalized frequency response %2 is defined as

§R2 — Prf
-1
5 iﬁCmQZr

(12)

where P,; isthe RF power the receiver deliversto a 50-€2 load
and ¢, isthe dc photocurrent drawn by the receiver when illu-
minated by the constant component p, of the optical signal. The
relations Ps = 3|bo|? and iac = npo give

1
o alF
W2 (13)
> (pon)*m?2Z,

where 7 is the dc responsivity of the receiver, in amperes per
watts, when driving a50-2 load. Applying (7) givestherelation
between R and R? as follows:

R 2
R = 7[72; 14
APPENDIX ]

MEASURING THE NORMALIZED FREQUENCY RESPONSE R2

The normalized frequency response can be directly measured
with a calibrated VNA system when py and m can be varied
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independently, such as when the optical source (laser) is exter-
nally modulated. The normalized frequency response &2 of an
unknown receiver is determined from

591(po)

521(]70)

where 12 isthe normalized frequency response of the reference
receiver used to calibrate the system. Here, the average optical
power pg, must be adjusted until ¢/, ., the photocurrent from the
unknown receiver, is matched to .., the photocurrent from the
reference receiver, by varying the optical source power. Here,
S21 and 54, (theforward transmission coefficients for the mea-
surement system with the reference and unknown receivers, re-
spectively) are functions of the optical power at which they are
measured.

We derived (15) using the definition of S5; in (9) and expand
G using (6). While pg changes, a; and m are kept constant.
After canceling like terms, we obtain the ratio

_ Su(po) poR _ Sulpo) nR
po  Sa(po) W

2

w2 = 12, when i), = iqc (15)

16

Sa1(po) (16)

Thelast step in (16) was made using the constraint pon = pin’.

Since# and %' may not be equal, we need to vary po to maintain

this constraint. Squaring and using (14) gives (15), which isthe
desired result.

APPENDIX 1
RELATION BETWEEN MEASUREMENTS AND
EQUIVALENT-CIRCUIT MODELS

Here, we relate our measured receiver response R to standard
Thévenin and Norton equivalent-source models, and we relate
the modulator response & to the input drive voltage and current.

The Thévenin equivalent voltage vy of thereceiver withinput
given by (4) is equal to the voltage that the receiver generates
across an open circuit. To solve for v, we use the fact that the
amplitude of the wave reflected by the open circuit is equal to
the amplitude of the wave incident upon it. Thus, we can set
az = by in the second equation in (8), which gives

by = Rpeme?®(1 —T,)7L. (17)
We can rewrite (1) as
v=+/Z.(a+b)
i = \/12_ (a—b) (18)
which we combine with (17) to obtain
— s 2/ Z.R
vr = UQ[open =2 Z” bQ = (pomeja) (1 -T ) (19)

The Norton equivalent current i 5 of the receiver is the out-
going current the receiver generates across ashort circuit. Inthis
case, as = —by. Using (8) and (18), we obtain

B 2R

i = ialn, = (100) e (@0
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The responsivity of the receiver (in volts per watt or amperes
per watt) can be obtained by dividing the source voltage or cur-
rent by mpoe’®.

The small-signal current response (ac current slope effi-
ciency) n; of a modulator or laser is the ratio of the optical
power modulation to the input drive current. We will now find
7; in terms of the measured quantities G and I',,,. We use (18)
to find the current and voltage at the input port in terms of a;
and the modulator’ s reflection coefficient T, = by /ag

vy =\ 2y a1(1 =+ Fm)
. ay
i = 1-T).
1 \/Z_7 ( )
The current modulation response #; is found by substituting
az from (6) into (21), and solving for the optical modulation per
ampere drive, which gives

_ mpoe’® _ GVZ,
ii  1-I,°

. =

(21)

(22)

The small-signal voltage response (ac voltage slope effi-
ciency) n, of a modulator or laser is the ratio of the optical
power modulation to the input drive voltage. The voltage
modulation response 7, is found by substituting a; from (6)
into (21) and solving for the optical modulation for a given
input drive voltage, from which we obtain

_ mpoe’® _ G
= VZ, (1+T)

The w-voltage V; is a commonly specified property of an
electrooptic modulator, defined in terms of the large-signal
model (transfer function) of the modulator [34]

p(t) =po {1 1 sin <_”Re(;;6j“t)>} .

That is, V. isthe input voltage that gives a change of « in the
argument of the modulator’s transfer function. When Ju:| <
V., we can approximate (24) by thefirst term of its Taylor series
expansion to give the small-signal modulation

(23)

(24)

Wpo[m[

™

p(t) ~ po + cos(wt + arg(v1) + ) (25)
where 3 accountsfor adelay between theinput drivevoltage and
output optical modulation. Hence, the small-signal modulation
depth m = =|v1]/V: can be found by equating (25) with (4).
Substituting into (23) gives V; intermsof G and I,

Ve = L9 /Z 11+ Dol

26

APPENDIX 1V
CASCADE MATRICES

Fig. 5 shows two components connected together in series.
We wish to find the scattering matrix St that describes the
series combination using the scattering matrices S4 and Sg
that characterize theindividual components. Sincethe scattering
matrix does not relate the ¢ and b waves at an input port to the a
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Fig. 5. Components, individually described by scattering matrices .54 and
S 5, when connected in series can be described by a combined scattering matrix
STotal-

and b waves at an output port, we cannot multiply theindividual
scattering matrices of the adjacent componentsin Fig. 5 to ob-
tain the total scattering matrix, i.e.,

STotal 7£ SASF)'- (27)
The cascade matrix [77] [5] defined by
[()1 } _ 111 T {aﬂ 28)
a1 Ty Toa| Lb2

relates waves at one port to the waves at another port. The cas-

cade matrix (28) is also sometimes referred to as a transmis-

sion matrix or a T-matrix. The total cascade matrix Troia Of
the components in seriesis

Trotal = TaTp. (29)

The elements of the cascade matrix can be found in terms of

the scattering matrix elements by relating (3) and (28) to obtain

1 S12591 — 811522 St
1= o (30)
521 —SQQ 1

and the cascade matrix is converted back to a scattering matrix
using the transformation

1 |[Tie T11To —Ti0T5
[S]= (31)
T22 1 —T21
APPENDIX V

CALIBRATION OF AN LCA

In this section, we discuss a method for calibrating an LCA
that hasthe architecture shownin Fig. 6. The LCA hastwo elec-
trical ports £; and &,, aswell as an optical output port O and
optical input port Os. By setting the switches appropriately, this
analyzer can be used to characterize components with two elec-
trical ports, or with oneelectrical and oneoptical port. Inthefol-
lowing discussion, we show how this analyzer can be calibrated
with methods similar to those we described in Section 1V.

As before, calibration begins with afull 50-€2 two-port elec-
trical scattering-parameter calibration at the electrical ports &;
and &, performed with the switchesin Fig. 6(a) both in the “up”
position. Thiscalibration correctsfor imperfectionsinthe VNA,
as well as the switches and cables between the analyzer and
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Fig. 6. (a) Simplified schematic of an LCA. (b) How a cdlibrated reference
receiver is connected to the LCA during calibration.

reference planes £; and &;. Using this calibration, a measure-
ment of the reference receiver [as sketched in Fig. 6(b)] deter-
mines the scattering parameters corresponding to the product
1 Ly T., where T, is the cascade matrix of the switch and
cable between A and &1, T, isthe cascade matrix of the modu-
lator between reference plane .4 and reference plane @4, and T.
is the cascade matrix of the calibrated reference receiver. Thus,
when we extract G and I',,, from (9), instead of determining the
gain and reflection coefficient of the modulator, we determine
instead the response G and reflection coefficient I",,, of the cir-
cuit corresponding to 75 7;,,.

However, if we now connect an uncharacterized optical re-
ceiver between O; and &;, we measurethe scattering parameters
corresponding to the circuit 73 7;,, 17, where 77 is the trans-
mission matrix of the as-yet uncharacterized receiver. Thus, we
can still determine the uncharacterized receiver's response R’
from R’ = 5%, /G and itsreflection coefficient I/, from S, as
G refersto the gain of the circuit corresponding to 17, 1., that
we wish to remove from the measurement 17 1TmT’

Cdlibrating the receiver arm of the LCA proceeds inasim-
ilar fashion. With port ©; connected directly to @5 and both of
the switches in the “down” position, we measure the scattering
parameters corresponding to the product 771 7,775, where
Tp isthe cascade matrix of the path from reference plane &; to
reference plane 5 and 7"/ isthe cascade matrix of the analyzer's
receiver situated between O, and 5. Thus, when we usethegain
G corresponding to the circuit Tij characterized earlier, we
determine the response and reflection coefficient of the circuit
corresponding to 775" . This is exactly what we need to cal-
ibrate measurements of optical modulators connected between
&; and O, and tested with switch .4 in the “up” position and
switch 53 in the “down” position.
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